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Abstract 

An inflationary universe scenario in the context of tachyon field is studied. This study is done 
from an ansantz for the effective potential of cosmological perturbations U (ry). We describe in great 
detail the analytical solutions of the scalar and tensor perturbations for two different ansantz in 
the effective potential of cosmological perturbations; the Easther’s model and an effective potential 
similar to power law inflation. Also we find from the background equations that the effective 
tachyonic potential V{ip), in both models satisfy the properties of a tachyonic potential. We 
consider the recent data from the Planck data to constrain the parameters in our effective potential 
of cosmological perturbations. 
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I. INTRODUCTION 


It is well known that the inflationary scenario provides an approach for solving the prob¬ 


lems of the standard big bang model 


, l2j. However, the inflationary universe model can 


offer a graceful mechanism to explain the large-scale structure j^, and likewise the observed 
anisotropy of the cosmic microwave background (CMB) radiationj^, 5|. 

On the other hand, implications of string/M-theory to Friedmann-Roberson-Walker 
(FRW) models have great attention^ and in particular then we considered a tachyonic held 


associated with unstable D-branes 


However, an important characteristic of the tachyon 


held is that this held might be responsible of the inflationary scenario at early times of the 


universe 


3 , 


8|], and also of the dark energyjo, ll^. Nevertheless, the tachyonic held could at 


the same time produce an inflationary scenario, and after generate an epoch dominated by 
a non-relativistic fluid, which could add to the dark matter llj]. Different effective tachyonic 
potentials have been considered in the literature, and in particular an exponential potential 
co„s..ucted f.o„, the sttiug theoty Q. ntodifleatiotts of thisQ and among others. The 
characteristic of the effective tachyonic potential V{(p), where (p denotes a homogeneous 
tachyon held are: dV{ip > 0)/c?(^ < 0, the potential V has a global maximum at (p ~ 0, and 
V{\p\ (X)) 0. For a review of tachyon inflation, see Refs. 14, Q 

In the context of the cosmological perturbations, the power spectrums of the scalar pertur¬ 
bations, and tensor perturbations are originated from quantum fluctuations of the vacuum 
in an expanding universe!^. It is well known that these fluctuations have considerable 
amplitudes in the very early universe (Planckian length), and during the expansion of the 
universe in the inflationary epoch, these fluctuations are extended with amplitudes beyond 
of galactic scales. In relation to exact solutions of the cosmological perturbations and the 
equations of motion (background space times) for a standard scalar held, these can be calcu¬ 
lated exactly in the Sitter inflationary universe, in which a constant potential is found from 


the equations of motion of background |l|, and also exact results for the spectrums of the 
cosmological perturbations la]. Also, in the expansion power law or power law inflation, we 
can obtained exact results from the background equations (ex pon ential potential)}^, and 
exact calculations for the cosmological perturbations, see Ref.[l8|. Similarly, exact results 
can be obtained in the Easther’s model, where the effective potential of cosmological per¬ 
turbations is U = 0 19|. However, this model has an spectral index ng = 3 (blue tilt), which 
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is significantly different from the observational data. Generalizations from these spectrums, 


were obtained in Ref. 


20l |. however the background solutions was obtained numerica 


some approximations to the cosmological perturbations are studied in Refs. 


21 


22 


ly. Also, 


In the following, we explore an approach to exact results in a tachyonic inflationary 
model. We propose this possibility in the context of an ansatz for the effective potential of 
cosmological perturbations, and we describe how this ansatz influences the dynamics of our 
models, and the solutions of the cosmological perturbations. We follow a similar procedure 
described in the Easther’s model, and after we study an effective potential of cosmological 


perturbations studied in Ref. 


20 |. 


The outline of the paper goes as follow: In the sections II y III we present a short 
description of the background equations and the cosmological perturbations for the tachyon 
held. In the section IV we study the Easther’s model. In the section V we give explicit 
expressions for the scalar and tensor spectrums, considering a specihc ansatz for the effective 
potential of cosmological perturbations. At the end, section VI exhibits our conclusions. We 
chose units so that c= h= 1. 


II. BACKGROUND MODEL: TACHYON FIELD 

In this section we give a brief description of an inhationary model, considering that the 
tachyonic held drive inhation. 

In the context of the Born-Infeld form, the ehective action for tachyon could be described 
by 3 

S = j - V((p) d^x, (1) 

where the constant k, is denoted hy k = SttG, R is the 4-dimensional Ricci scalar, derived 
from the metric tensor and the held (p is the tachyon scalar held with minimal coupling 
to gravity. Here, the ehective scalar potential of the tachyon scalar held is denoted by V{ip). 

By taking the variation of action of Eq.([T]) with respect to the two independent variables 
gfj,u and p, it leads to two main dynamical equations. Let us introduce into action ([T]) the 
hat Friedmann-Lemaitre-Robertson-Walker (FLRW) metric, given by 

= dt"^ — a^{t) dx^dxi = a^{ri)[dri‘^ — dx'^dxi], ( 2 ) 

where rj is the conformal time dehned as dt = adrj, the quantities dx^dxi and a{t) represent 
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the flat three-surface and scale factor, respectively. 

The energy-momentum tensor of tachyon held yields 

V{<p) 


T — 


+ ¥^’V,c) + 


and admits to be cast into the form of a perfect fluid where = diag(—p, p, p,p), in which 
the energy density p and pressure p are given by 


P = 


v{p) 




and p=—V{(p)^/l 


P 


( 3 ) 


respectively. Here, the dots mean derivatives with respect to time t. 

If the stress energy of the Universe is dominated for a spatially homogeneous tachyon 
held (p(t), then the Friedmann equation, is given by 


2 K V{(p) 


= 


3v^ 


(p2 


( 4 ) 


and the Raychaudhuri equation in the case of the tachyonic matter yields 

3 


® 3 ^1 — 02 


1 - 


( 5 ) 


where H is the Hubble parameter defined as H = d/a. 

The inflationary scenario occurs when a > 0, then from Eq.(|5]), we get < 2/3. Note 
that this condition for the velocity of the scalar tachyon held is different from the standard 
scalar held in which pP' < V. 

The dynamical equation of motion of the tachyon held from Eq.(IT]) becomes 


P + 3II(p(l — ip^) + ^"^(3 “ P^) — 0 ) 

which is equivalent to the conservation equation p -|- 3H{p -|- p) = 0. 
Combining Eqs. (jl]) and ([5]), we get 

o 2 H 


( 6 ) 


P = - 


3Ef2’ 


( 7 ) 


and the effective potential is given by 




( 8 ) 


Here, we have used Eqs.(jl]) and ([7]). 
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III. PERTURBATIONS 


In this section we will stndy the scalar and tensor pertnrbations for onr models. We start 
with the most general metric perturbations 


ds‘^ = a ^(r7)[(l + A)d7f — 2diBdx^drj — [(1 — 2R)6ij + 2didjE]dx^dx^]. (9) 

In this metric four amounts are needed to specify its general nature. These quantities are A, 
B, R and E, are functions of the time and space coordinates and rj as before is the conformal 
time (v = I dt/a{t)). 

It is well known that the scalar perturbations can be measured by the intrinsic curvature 
perturbation TZ of the comoving hypersurfaces, that in the case of the standard scalar field 
is given hj R = —R — Here, 0 is the standard scalar held and 50 represents the 

huctuation of the scalar held. One important quantity to describe the perturbations is the 
gauge-invariant potential u, which is given hj u = a[50 -|- {4>/H)R] = —zTZ, where the new 
variable z in the case of the standard scalar held is dehned as 


^ = a(j)/H. 


( 10 ) 


Here we note the quantities 0 and the Hubble parameter H (or the scale factor) are deter¬ 
mined by the background held equations. 

On the other hand, the equations of motion of the linear scalar perturbation for the 
standard scalar held can be obtained from the action given by 

1 


16| 


5 = 


drjRx I u ^ — S^^diudjU + 


-u 


( 11 ) 


2j \ - z 

where a prime denotes diherentiation with respect the conformal time tj. 

However, the action given by Eq. fllip is formally equivalent to the action for a scalar held 
with a time-dependent ehective mass = —z''lz in hat space-time, and this equivalence 
implicates that one can take into account the quantum theory. 

From the action flTT]) . the equation for the Fourier modes Uk, for the standard scalar held 
can be written as 

( 12 ) 


“fc + [k - —j Uk = 0 , 

where k = |fc| is the modulus of the wavenumber. In this form, the Fq.([T2]) may be considered 
as a time independent Schrddinger equation given by -|- (/c^ — U)uk = 0, where the 
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effective potential is defined as U = U{r]) = z" jz. From the Wronskian condition we have 
ulu'i^ — UkU*^ = —i, that guarantees the commutation relations from the quantum theory. 
For a review of the cosmological perturbations of a standard scalar held, see Refs. 2J, [25 1 
In the case of a tachyonic held, the calculation of the power spectrum can be obtained 


through a canonical variable, similarly to t 


le standard scalar held. The variable z to the 


case of a tachyon held can be written as 26l-l28| 


\/3avj , . 

^ ( 1 - 02 ) 1 / 2 ’ ( 13 ) 

and the analogous equation to Eq. flT^ for the Fourier modes Uk in the case of a tachyonic 
huid is given by [27 1 

u'l + {e (1 - 02) -U)uk = 0, (14) 


where the term (1 — 0^) = c| = Sp/6p, corresponds to the ehective speed of sound, and 
U as before corresponds to ehective potential U = Uirj) = z" jz. Here, we note that for a 
standard scalar held the ehective speed of sound = 1. 

The asymptotic limits for the equation of the Fourier modes Uk given by Eq. flTTll are: 
Firstly, we consider that in the limit when the conformal time p —>■ — oo corresponds to a 
small scale limit, where the modes are inside the horizon. Secondly, we take into account 
that in the limit when the conformal time r/ —)• 0 represents to a large scale, here the modes 
to be outside the horizon. 

The curvature perturbation in terms of a Fourier series can be written as 


and the vacuum expectation value is dehned as {RkTZi) = — Z), where VR{k) is 

the power spectrum. In this form, the power spectrum of the curvature perturbations is 
given by 


Vnik) = 


k^ 


'^k 


( 16 ) 


Now considering the power spectrum of the curvature perturbations the scalar index Ug 
is dehned as 


n.o - 1 = 


dlnVn 

dink 


(17) 
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In this way, we note that the evolntion of scalar pertnrbations during the inflationary 
scenario is determined by the function z{r]), but this function z{ri) at the same time is de¬ 
termined through of the effective potential U{r]) = z" jz. In this form, instead of considering 
a specihc function z{ri), we can obtain exact solutions from Eqs. flT^ and flT^ . considering 
the effective potential U{r]) itself, see e.g. [20|. 

On the other hand, the production of tensor perturbation during the inflationary epoch 
would generate gravitational waves. The formalism to study the quantum fluctuations in the 
gravitational held is similar to the case of the scalar perturbation discussed above. Here, the 
equation for the Fourier modes Vk, from the effective gravitational action is given bvj24j. |25| 




a 

a 


Vk = 0 , 


(18) 


and the power spectrum of the tensor perturbations in terms of the modes Vk, is dehned as 


V = 

' 9 


2fc3 

TT^ 


a 


(19) 


where now the tensor spectral index ut, is given by nj’ = dlnVg/dlnk. 

For the case of the tachyonic held, the equation for the Fourier modes Vk is exactly the 
same as in the standard scalar held Fq. flTSj) . because in absence of anisotropic stress gravity 
waves are decoupled from matter. Also, an important observational quantity is the tensor 
to scalar ratio r, which is dehned as 


r = 


V 

V 


R 


( 20 ) 


The Planck collaboration published new data for the ratio and found an upper bound 
on the tensor to scalar ratio in which ro .002 < 0.11 (95% C.L.)|5|, and this upper bound for 
the tensor to scalar ratio is similar to obtained from the Planck mission in which r < 0.12 


(95% C.L.) 


29|. 


In the following we will study diherent forms of the ehective potential of cosmological 
perturbations U{ri), in the context of the Born-Infeld theory. 


IV. EASTHER’S MODEL: TACHYON FIELD AND EXACT SOLUTIONS 

In this section we will describe the Fasther’s model in the context of a tachyonic held. In 
this case, which is the simplest case in which the function z{ri) = constant or equivalently 
the ehective potential U{rj) = 0. In particular for the standard scalar held or originally the 
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Easther’s model, the differential equation for the Hubble parameter from the equation of 


the Fourier modes is given by, see Ref. 


19| 


1 

2 


HA" n 

H ) H 


( 21 ) 


where denotes differentiation with respect to scalar field (j). The solution of Eq. fl?I|) is 
given by = R exp [0^/4 + H0], in which A and B are two integration constants. In this 
case the spectrum of density perturbations becomes VAk) oc k^, and then the exact spectral 
index = 3. In this form, for a standard scalar field, the cosmological quantities are exact, 
and in particular the spectral index becomes independent of the scalar field. However, this 
value of the spectral index Ug is disapproved from observational data. 

For the tachyonic field the Eq. ffTT)) can be modified by defining a new variable 0^ = u^/z, 
such that 

ei + -z'e'k + k^i-A)Qk = o. ( 22 ) 

z 

Considering that the variable ^ for the tachyon field is given by Eq. flTdll . then the Eq. fl2^ 
can be rewritten as 




+ 


4 a 
SlP 




4 

3 


H 




H 



ei + ea 




0. (23) 


Assuming that the function z{ri) is a constant, then from Eq. fl23l) the square brackets is 
equal to zero in which 



H 


4 

3 




0 , 


( 24 ) 


and the solution of Eq. fl24D can be written as 


= 3 ' \ip], 


( 25 ) 


where the function O' ^ [(p] corresponds to the inverse function of O' [(p] defined as 

6(4Ci(,; + C,) + 9(43 + Cj)-/’) - 9(43 + |, i, -SfegsTd] 


3 


4^1 V4C'i((p + + 9((p + C 2 Y 


in which 2 F 1 is the hypergeometric function. The constants Ci and C 2 are two integration 
constants. Note the difference between the Eqs. (l2ip and fl2Tl) for the Easther’s model, in 
which the quantity ^=const.. 
















From Eq.® the effective tachyonic potential is given by 


V(v) 


3 



here we have considered the exact solution H = H{ip) given by Eq. fl2^ . 
For the tachyonic held the inffationary scenario occurs when 



(27) 


Here we have considered Eq.(I7]) in which Lp 



In Fi^ we show the evolution of the effective tachyonic potential V((p) versus the tachyon 
held cp. Here, we considered two different values of the integration constant Ci. In particular, 
the solid line corresponds to Ci = 0.1 and C 2 = 1, and the dashed line is for the case in 
which Cl = 0.2 and C 2 = 1. 

In order to write down the quantity that relates V(cp), with the tachyonic held (p, we 
consider Eq. fl26l) . and we use the values C 2 = 1 and rup = 1. From this plot we note 
that the effective tachyonic potential V((p) satisfies the properties: V^((p > 0) < 0 and 
V((p 00 ) —)■ 0, that are the essential conditions for a tachyonic effective potential. 





0.0 


FIG. 1: This plot shows the dependence of the effective tachyonic potential V((p) versus the 


tachyonic field p. Here, we considered two different values of the constant Ci. The solid and 
dashed lines correspond to Ci = 0.1 and Ci = 0.2, respectively. In this plot we have used the 
values C 2 = 1 and rup = 1 . 
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FIG. 2; Evolution of the spectral index Ug versus the tachyonic field ip. As before, the solid and 
dashed lines correspond to Ci = 0.1 and Ci = 0.2, respectively. In this plot we have considered 
the values C 2 = 1 and rup = 1 


Although all the quantities from the background field equations can be found analytically 
for the case in which the variable z = constant, it is not possible to determine the correspond¬ 
ing cosmological perturbations analytically, since we need to use Eq. fl27|l together Eq. flT^ 
with U = 0. In Figl2]we show the spectral index n* versus the tachyonic field (p for the case 
in which 2 ;=constant. In order to write down the spectral index Ug, with the tachyonic field 
if, firstly we consider Eqs. (ll4l) in which U = 0 (since the variable 2 =constant) together 
with the exact solution given by Eq. fl2711 . In this way, we numerically find the Fourier modes 
Mfc, and therefore the power spectrum of the curvature perturbations for z = Zq = const.. 
Now, considering Eq. ffT7|) we numerically obtain the spectral index in terms of the tachyon 
field. From Figj2]we observe that the spectral index is Ug ~ 3, but this value is disfavored 
from observational data. Here, we observe that this results is very similar to obtained for 
the standard scalar field, in which ns = 3 (exact result), see Ref. 19(]. This numerical result 
for the spectral index in the case of the tachyonic field is not a surprise, since if we con¬ 
sider that the tachyon field slowly changes with the cosmic time, then the effective speed of 
sound c| ~ (1 — ifl) = Cso = const., and the solution of Eq. ffTTl) for = const., is given by 
Uk{r]) = (l/\/fc)e“*'^®o wherewith ng = 3. 
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V. ANSATZ: EFFECTIVE POTENTIAL [/(??) 


In this section we will stndy a specific ansatz for the effective potential U{rj) of cosmolog¬ 


ical perturbations. Following Ref.[20|], a possible ansatz for the effective potential is given by 
= Sm=i 1 ^) where the constants Cm^s should be calculated for different inflationary 
model. For instance in the case in which the constants Cm = 0 if m 7 ^ 2, represents to 
power-law inflation together with the inflationary models in the slow-roll approximation. 
and de Sitter inflation occurs when C 2 is exactly C 2 = 2. 

In this form, considering exact results from the effective potential of cosmological pertur¬ 
bations; power law inflation (a ~ C with p > 1) in which U{r]) = ^ , where the constant 

n is given byz/ = 3/2-|-l/(p — l)[l 8 [, and for de Sitter inflation U{ri) = ^[241) we consider 
the effective potential of cosmological perturbations can be written as 


U{v) — — — Co-\ I 

z rj rj^ 


(28) 


where Co, Ci and C 2 are free parameters. Here the parameter Cq has dimensions of mass- 
squared, Cl of mass and C 2 is dimensionless. 

Considering the change of the variable f] = 2 \/Coti, then Eq. fl28p can be rewritten as 


(Pz 


+ 


a 

■T + - + 




z{ri) = 0 , 


drf ' \ A rj T]^ 
where the quantities a and (3 are constants, and are defined as 


(29) 


(30) 


resp ectively. The exact solution of Eq. (12^ is given in terms of Whittaker functions lF±a,, 
(30|, and the solution for the variable can be written as 


z{r]) = AiWa^fi{r]) + /?(-??), 


(31) 


where Ai and A 2 are two integration constants. We note that in general our variable 
fundamental z is characterized by the constants Co, Ci and C 2 , and two integration constants 
Ai and A 2 . 

In order to obtain analytical solutions for the background field equations and the cos¬ 
mological perturbations (scalar and tensor perturbations), we considered that the tachyonic 
field slowly changes with the cosmic time, and the velocity ip is approximately constant, i.e.. 
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~ = const. < 2/3, then the effective speed of sound becomes 4 ~ (1 - = 4, 

where > 1/3. 

Under this approximation, and considering the Eqs. fll3l) and fl3ip . we find that the scale 
factor a is given by 0 ( 77 ) = AlWap{2^/Cor]), where the constant Ai is dehned as Ai = 
cso ^ 1 /y^3(l — c|jj), and from Eq.(IH]) the tachyonic potential in terms of the conformal time 
r] can be written as 




K 


/T 

r. 2-H'i 

3 


2 

1 

/a 

1- 

+ 

to 

kA^ 

1 

r ^ c 

_I 

\ 

3 


1 + 


2(W'».sC,s - KP 


Ki 


(32) 


where Ti = Ha = a'/a, and Wap corresponds to the Wittaker function Wap{2^/Cor|). 
Here we have used that the constant A 2 = 0 (without loss of generality), and as before 
a prime denotes differentiation with respect the conformal time 77 . Considering the = 
p'/a ~ (po = (1 — csqY^^, we obtain that p{r]) oc / Wapdrj, and then we would obtain 
V = V{p). However, the held 93 ( 77 ) does not have an analytical solution. Instead of consider 
this numerical integral, we numerically solve the full background equations. 

In Fi^ we show the evolution of the effective tachyonic potential V(p) versus the tachyon 
held p. In doing this, we considered two diherent values of the constant Ci. Here, the doted 
line corresponds to Ci = 10“® and solid line to Ci = 10“^. Also, in this plot we have used 
the values Cq = 10“®, C 2 = 2, Ai = 10“® and mp = 1. In order to write down the ehective 
tachyonic potential V(p) versus p, we numerically utilize Eqs. lfT^ and fl28|) . together with 
the background equations given by Eqs.(j4])-(l6l). From this plot, we observe that the tachyonic 
ehective potential V(p) satishes the properties; Yip(p > 0) < 0 and V(p —>■ 00 ) —)■ 0, that 
are the conditions for an ehective tachyonic potential. We note that this tachyonic potential 
is analogous to obtained in the Easther’s model (see section IV). 

Now from Eqs. dT^ and fl28D . the equation for the Fourier modes Ufc, becomes 

/ n n \ 

(33) 


“Z(')) +144^ - Co - A - AI ut(ri) = 0 


77 77 ^ 


Redehning the conformal time as 77 = 2i ^k'^ — Cq rj, the above equation results 


d‘^Uk 

dfj'^ 


+ 


i a 
■7 + — + 

4 77 


where now the constant a is dehned by a = 
given by Eq. fl30|l . From Eq. 


772 

Cxi 


Uk = 0, (34) 

, and the constant (3 as before is 


, we hnd that the analytical solution for the Fourier modes 
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FIG. 3: Numerical result: Evolution of the effective potential V((p) versus the tachyonic field p. 
Here, the doted and solid lines correspond to Ci = 10“® and Ci = 10“^ , respectively. In this plot 
we have considered the values Cq = 10“^, C 2 = 2, = 10“® and rup = 1. 


can be written as 

Uk(fj) = + B2W_a,p(-v), (35) 

where Bi and B 2 are two integration constants, and whose values are hxed by the initial 
conditions, and as before W±a,i 3 correspond to the Whittaker functions. 

In order to £x the constants Bi and i? 2 , we consider the small scale limit in which the 
conformal time 7] ^ — 00 , then from Eq. fl35|l we get 

where keff corresponds to the effective modulus of wavenumber, and is given by fee// = 
\J— Cq > 0. Here, we observe that represents a shift in the effective wavenum¬ 
ber Cs^k. Now considering that in the asymptotic limit rj —00 (small scale limit) the 

f) ^ 

Whittaker function is proportional to we get 


wCi 


B, = 




and B 2 = 0. 


(36) 


Here, we have used the Wronskian condition. By using the Eqs. fl35|) and fl36H . we hnd that 
the analytical solution for the Fourier modes can be written as 
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Uk{ri) = 


ttCi 




(37) 


\/ 2 fce// 

On the other hand, we consider the growing modes in the large scale limit in which 
the conformal time r/ —)■ 0 (the qnantnm flnctnations are frozen ontside the horizon) the 
Whittaker fnnction becomes Wa^piff) ^ind then we obtain that the 

analytical solntion for large scale can be written as 


Uk{r]) = 


e^Ci/^Kff y{2(3) 


i2ikeffv) 


112-0 -ik^ffij 


(38) 


^/2k,ff r(i + /3-a) 

In this form, considering Eqs. fllbl) and fl38H . we find that the power spectrnm of the 
cnrvatnre pertnrbations becomes 

^ ^ ^ ^ ' and s = ^ + /3 - d. (39) 

Here, we considered that in the limit f] ^ 0 (large scale limit), the variable 2 ; is given by 
z(ff) before the constant A 2 = 0. 


-r(i+/3-a)' 

From the power spectrnm given by Eq. 
considering Eq. ffTTD is given by 


, we hnd that the spectral scalar index n^. 


ns{k) = 4- 


„2 


k 


eff 


^ [^0 (s) - ^0 (s*)]) 


0^2 
^^eff 


(40) 


where tt'o(s) corresponds to the Polygamma fnnction. 

In the context of the spectrnm of gravity waves for a tachyonic held, the eqnation of the 
Fonrier modes Vk is exactly the same as in the standard scalar held, see Eq. lfTSj) . In this 
form, by considering Eqs. f[T5D and fITBD . the eqnation of the Fonrier modes Vk can be written 


as 


d?Vk 

drj^ 


+ 


1 CK'T’ 

'7 ^- 

4 r]T 


Vt 


Vk = 0 , 


(41) 


where the constant ^ , the constant [3 as before is given by Eq. fl30|) . and the 

—C*o 

new conformal time is dehned as tit = 2i\/k'^ — Cq r]. In this way, we obtain that the exact 
solntion for the modes Vk of Eq. fjdTll becomes 


VkM = Di Wa-^,g(2i^k:‘ - Co r/) + D 2 W_„_g(- 2 i\/k^ - Co tj), 


(42) 


where Di and D 2 are two integration constants. In particular for the Sitter universe, the 
scale factor is a (x and the equation of the modes Vk is + (fc^ —‘^)vk = 0, that in 
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our case corresponds to Co = 0, Ci = 0 and C 2 = 2, and the solution for the moc 


given by Vk = (IM 


Di{krj cos[krj\ — sin[fc? 7 ]) + D 2 {kr]siYi[krj\ + cos[/c77])], see Ref. [24 1 


es Vk, IS 


Following Ref. 2^, the initial conditions for the modes Vkirji) and v[{rii) (initial conformal 


time r]i) are given by 
VkiVi) = 


P - Co - a - f ]v-.' 


and v[{T]i) = i 


Vi Vi 


11/4 


(43) 


respectively. Here, the initial conditions make sense exclusively if — Co — ^ > 0. 

Considering the solution of the modes Vk, together the initial conditions given by Eq.( 
we hnd that the constants Di and D 2 becomes 


Di = 


ar {2kBr]i 


iC, 




B , and D 2 = 


1 (ttT + 2ikB^i){-2kBr]i) ■ 


iC-1 


g-hfcs'ji+!§■)_ 


2^/^ («T + ikBVji) ’ 2^/^^ [ttT + ikBVi) 

Here, we considered that for rj —> —00 (small scale limit), the normalization given by 
Eq. (H3l) becomes — Co — ^ ~ [k"^ — = -v/fce > 0, where fcs = y/k"^ — Co, 

and also we assumed that the asymptotic behavior of the Wittaker function in the small 
scale limit is HCy,^(2z/cs77) —)■ {2ikBT])°‘'^ Also, we note that in particular for the case 

in which C q = 0, the initial conditions are given by Vkijji) = l/\/k and v'^ijji) = i\/fc, when 


V 


—00 


2 ^. 


In this form, from Eqs. fldTll and 
given by 


, the power spectrum of the tensor perturbation, is 




2k^ 

Vk 

2 2 k^ 

^2 

a 

~ TT^Af 


W^,fii2VC'ov) Y 


(44) 


where the constant Ai is dehned as Ai = 


cg^ Ai 


/3(l-4o) 


Considering the large scale limit in which 77 —)■ 0, then the spectrum of the gravitational 
waves given by Eq. flU]) . can be written as 


Vgik) ~ 


2k^ 

tt^Ai 


D 2 P 


T {1/2 +(3-a) 


+ {-lf/^-f^Re 


1,2 \ 1 / 2-/3 

Cr 
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T{l/2 + Y-aT) |2 


2Di D* 


r (1/2 + /3 + ot’) |2 '' '' \^r (1/2 +/3 — ctt’) r* (1/2 + /3 + ot’) yJ 

Here, we considered that in the large scale limit (77 —)■ 0), the Wittaker function is given 

by ^ [r(2y)/r(l/2 + / 3 - «t)] { 2 zkBvY^^-^ 
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FIG. 4: The plot shows the tensor to scalar ratio r versus the scalar spectrum index Ug in the 
case of the tachyonic field (^, for different values of the speed of sound csq- In this plot we show 
the two-dimensional marginalized constraints (68% and 95% C.L.) on the parameters r and Ug 
obtained from the Planck 2015 dataQ]. Here, the solid, dashed, and doted lines correspond to 
cso = 0.993, csq = 0.997 and csq = 0.999, respectively. In this plot we have considered the values 
rji = -400.000, Co = 10"®,Ci = 1, (^2 = 2 and nip = 1. 

In FigHlwe show the tensor to scalar ratio r versus the scalar spectral index n*, for the 
effective potential of cosmological perturbations U{t]) given by the ansantz of Eq. fl28p . Here, 
we show the two-dimensional marginalized constraints for the tensor to scalar ratio r versus 
Ug, from the new results of Planck 2015 data[^. Combining Eqs. flS^ . (HU]) and (HUD , we 
numerically hnd the consistency relation r = r{ng), and also we consider three values of the 
effective speed of sound. The solid, dashed, and doted lines correspond to the speed sound 
cso = 0.993, cso = 0.997 and csq = 0.999, respectively. Also, in this plot we have used the 
values rji = —400.000, Cq = 10“^,Ci = 1, C 2 = 2 and nip = 1. From the two-dimensional 
marginalized constraints we note that for the value csq > 0.993 the model is well supported 
by the new Planck data. In this form, we observe that for the case of de Sitter inflation in 
which C 2 = 2 (recalled that in de Sitter U{ri) = 2/?]^), and for different values of Cq (with 
> Co) and Ci < 10^, the tachyonic model is very similar to the standard scalar held, 
where cs = 1. Therefore, it may come as a surprise that exist a similitude in the trajectories 
Ug—r plane between standard held and tachyonic held. However, this similitude was noted in 
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Ref. M at lower order in the slow roll parameters. Also, we observe that for small deviations 
of the value of C 2 = 2 ( for instance, power law inflation U{ri) = (z/^ — 1/4)/r/^), we hnd 
that for values of 6*2 < 2 — 0.1 the model is disfavored from observational data, since the 
spectral index > 1 , and for values of 6*2 > 2 + 0.1 the ratio r > 0 . 2 , also the model is 
disfavored from observational data. In this form, for deviations of the value of (72 = 2 (de 
Sitter inflation) our model does not work. 


VI. CONCLUSIONS 

In this paper we have analyzed an approach to exact solutions of cosmological pertur¬ 
bations in the context of the Born-Infeld theory for two models; the Easther’s model, and 
the ansatz U{ri) given by Eq. fl28p . For both models, we have found explicit solutions for the 
corresponding scalar held, effective tachyonic potential, power spectrum of the curvature 
perturbations Pr, scalar spectrum index n^, power spectrum of the tensor perturbations Vg 
and the tensor to scalar ratio r. 

For the Easther’s model in which U = 0, we have obtained that only the quantities 
from the background held equations can be found analytically. In particular, we have got 
an ehective tachyonic potential with the properties > 0 ) < 0 and U((p —)■ 00 ) —)■ 0 . 

However, we have found that numerically the spectral index Ug — 3, but this value is 
disfavored from observational data. This result for the spectral index is of according with 
the numerical solution of Ug = ns{ip), if we assumed that the tachyon held slowly changes 
with the cosmic time, and then rig = 3. 

For the model in which the ehective potential of cosmological perturbations is given by 
U{ri) = Co + Ci/ri+C 2 /ri‘^,'we have found analytical results assuming that the tachyon held ip 
slowly changes with the time. Under this approximation we have obtained that the scalar and 
tensor perturbations can be written in terms of the Wittaker functions and essentially from 
dehnitions of U^rj) and 2 ; for the tachyonic held, see Eq. flT^ . Considering the asymptotic 
limits for each one of the Fourier modes (scalar and tensor modes) we have obtained the 
power spectrums scalar and tensorial in terms of the modulus of the wavenumber k. From 
these results we have considered the constraints on the parameters in our model from the 
Planck 2015 data. Here we have taken the constraint r = r{ng) plane or consistency relation, 
and we have observed that for deviations of the value C 2 = 2 (de Sitter inhation) our model 
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is disfavored from observational data, and then the model does not work. Also, we have 
noted from the trajectories Ug — r plane, that our model is well supported by the Planck 
data only if the effective speed of sound csq > 0.993 (see FigJl]) that is very similar to the 
speed of sound of the standard scalar held {cs = 1). Therefore, our ansatz of the effective 
potential of cosmological perturbations, the tachyonic model works for values of cs^ — 1 and 
^2 ~ 2 . 
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